The propagation of surface plasmon polaritons in thin films of topological insulators is studied. The materials considered are second generation three dimensional topological insulators Bi2Se3, Bi2Te3, and Sb2Te3. Dispersion relations and propagation lengths are estimated numerically, taking into account the variation of bulk dielectric functions of topological insulators as well as substrate using the Drude-Lorentz model. Key factors affecting propagation length are identified and ways to modify the dispersion relations are suggested. The explanation of the apparent discrepancy between the experimental data for Bi2Se3 and theory is proposed.
I. INTRODUCTION
Since their discovery, three dimensional topological insulators (TIs) [1] [2] [3] have attracted enormous interest, both in theory [4] [5] [6] and in experiment [7] [8] [9] , owing to the unconventional character of gapless topological surface states hosting "massless" helical electron liquid [10] . These surfaces are envisioned as a potentially disruptive platform for a wide range of frontier technological applications, from spintronics [11] and fault-tolerant quantum computing based on Majorana fermions [12] , to terahertz optics and plasmonics [13] .
Here we numerically study the propagation of surface plasmon polaritons (SPPs) -coupled oscillations of surface charges and electromagnetic field [14] -in nanometer thin films of topological insulators Bi 2 Se 3 , Bi 2 Te 3 , and Sb 2 Te 3 . Motivated by recent experimental observation of SPPs in Bi 2 Se 3 in the far-infrared range [15] , we resolve several outstanding issues. (i) We find the dispersion relations and propagation lengths of SPPs in Bi 2 Se 3 , Bi 2 Te 3 , and Sb 2 Te 3 in the far-IR, using realistic material parameters allowing the comparison of these materials' potential in plasmonics; (ii) identify key parameters determining the propagation length and demonstrate that the latter can be enhanced by two orders of magnitude in some cases -the finding which can be crucial for practical applications; (iii) revisit the problem advanced by Stauber et al. [16] regarding the proper analysis of the experimental data in Ref. [15] and propose a simple solution to it. (iv) analyze the effect of stacking of TI films and dielectric into 1D superlattice with the goal to modify the dispersion relation of SPPs.
Since optical response of materials depends on their bulk dielectric function (ω), it is imperative to account for its possible variation. To properly address the questions (i-iv) we approximate (ω) using the Drude-Lorentz model combined with available experimental data on far-IR optical properties of the materials under investigation. This methodology is the main and essential difference between our approach and the usual take on SPPs in TI films.
II. BACKGROUND
E s a p p h i r e [15] ). Thin film, MBE grown on sapphire, is etched into a periodic array of ribbons of the width W , separated by a gap of the same width. Incident linearly polarized far-IR light excites standing waves of collective oscillations of surface charges. The resonant excitation for given ribbon width W is observed in the drop of the transmitted light intensity T (ν). The surface current density j, plotted on the vertical axis, describes standing waves with the period 2W .
Experimentally SPPs in TIs were first studied by Di Pietro et al. [15] in ribbons of Bi 2 Se 3 , where standing SPP waves with resonant frequencies defined by the ribbons width were formed. The idea of the experiment is illustrated in Fig. 1 . As the size and spacing W of ribbons was varied the spectral position of SPP resonances shifted, allowing to map the dispersion curve ω(q) for the structures. The correspondence between the experiment and theoretical prediction, ω(q) ∝ √ q, based on the Dirac fermions description (see e.g. Ref. [17] ) was remarkable. However, this result was later critically analyzed by Stauber et al. [16] , who noted that when the long range Coulomb interaction between top and bottom surfaces is properly taken into account, the experiment should have shown the sensitivity to the thickness of the films as well as to the bulk dielectric function of Bi 2 Se 3 . More accurate analytical expression for ω(q) was derived in Ref. [16] in the long-wavelength limit (qd 1):
Here T and B are bulk dielectric functions of the media on top and bottom of the TI film. When qd T I ( T + B ) the well-known dispersion relation for two dimensional plasmons is recovered with ω ∝ √ q. This simplified dispersion relation was used to fit the experimental results in Ref. [15] . However, Stauber et al. pointed out that for T = 1 (air), B = 10 (sapphire), and T I = 100 the term qd T I in Eq. (1) can not be neglected. Indeed, the requirement qd T I ( T + B ) leads to qd 0.1, which is not satisfied for the majority of data points in Ref. [15] : qd = 0.02, 0.05, 0.05, 0.08, 0.2 for W = 2.0, 2.5, 4.0, 8.0 and 20 microns, respectively. In order to satisfactorily fit the experiment with a more appropriate dispersion relation (1), Ref. [16] assumed additional contribution to the optical response from two dimensional spindegenerate electron gas close to the surface. Although not excluding this possibility, we demonstrate that such an assumption is not necessary. Instead we reconcile the experiment [15] with the theory [16] by calculating the dispersion relation without the restriction = const for both substrate and the TI bulk.
For sapphire, which is often used as a growth substrate, the bulk dielectric function in far-IR (below 400 cm −1 ) can be approximated by
where n 0 = 3.2, λ = 20.4 × 10 −4 cm, and γ = 0.036 are experimentally determined parameters [18] . Although sapphire is optically anisotropic, this expression gives the refractive index for ordinary and extraordinary rays with 10% accuracy. Above 400 cm −1 bulk dielectric function of sapphire begins to change drastically due to the presence of IR-active modes of lattice vibrations [19] and then more careful modeling is required.
The bulk optical properties of Bi 2 Se 3 , Bi 2 Te 3 , and Sb 2 Te 3 in the far and mid-IR are also relatively well known from reflectance measurements [20, 21] . The analysis of experimental data suggests that isotropic DrudeLorentz model with 3 or 4 oscillators can quite satisfactorily describe the overall features of reflectance spectra in the range from 50 cm −1 to 1000 cm −1 for all three materials [20] . The bulk dielectric function in the far-IR range of interest can therefore be approximated with the expression Parameters for Bi 2 Se 3 at room temperature [20] are shown in Table I. Table II shows similar numbers for thin films of Bi 2 Se 3 used in Ref. [15] . Fig. 2 shows the contribution of each term in the Drude-Lorentz model into the bulk (ω) for this material, while Fig. 3 demonstrates that (ω) varies significantly over the spectral range 10 cm −1 to 200 cm −1 . We note that the contribution to (ω) from free electrons in the bulk, represented by the Drude term in Eq. (3), is substantial. It may be argued that at low frequencies the optical response is dominated by the surface states and the bulk contribution is small [22] , but if the exact contribution of the bulk Drude term is not known it must be set as a free parameter. Indeed, considering that 1) Bi 2 Se 3 , Bi 2 Te 3 , and Sb 2 Te 3 all have relatively narrow band gaps, 2) the Fermi level of many thin films lies in the bulk conduction or valence band, and 3) intrinsic bulk defects increase the free carrier concentration, it is important to fully consider the bulk Drude term.
According to Ref. [20] , the Drude-Lorentz model for Bi 2 Te 3 at room temperature requires the Drude term with ω p = 5651.5 cm −1 , γ = 111.86 cm −1 and a single Lorentz oscillator with ω 0 = 8386.6 cm in Ref. [21] . Such modes are characteristic to the whole family of rhombohedral V 2 −V I 3 compounds and are represented by the oscillators "Lorentz α" and "Lorentz β" in the Drude-Lorentz model. We emphasize the importance of taking these modes into account in order to adequately estimate the bulk (ω) of Bi 2 Se 3 , Bi 2 Te 3 , and Sb 2 Te 3 in the far-IR. By doing so we are able to determine more realistic dispersion relations for SPPs and their propagation lengths in these materials, which is essential for potential applications.
III. METHOD
We now can calculate dispersion relations and estimate propagation lengths for SPPs in thin TI films, following the approach of Ref. [16] . A film of thickness d supports two SPP modes (see Refs. [17, 23] ) and in the following we will focus on the higher-frequency optical mode. In the general case the dispersion relation for this mode can be found by solving the non-linear equation (2)- (7) in Ref. [16] ).
In many cases of interest the criterion for the longwavelength limit, qd 1, is satisfied and the dispersion relation (1) can be used. Indeed, consider how the SPPs are excited using the etched grating made of TI ribbons with the period 2W [15] . The wave-vector imposed by the grating is given by q = 2π/(2W ) and the criterion qd 1 leads to the requirement W πd. For TI films with thicknesses d = 10 − 100 nm the necessary limit is satisfied if W 30 − 300 nm. For the gratings with the widths of several microns one can safely use the Eq. (1).
To account for the variation of the bulk dielectric functions T I (ω), B (ω), and T (ω), it is convenient to invert Eq. (1):
Substituting the expressions for B and T I with appropriate material parameters (Eqs. (2) and (3), respectively), one can find the wave-vector q(ω) = q (ω) + iq (ω) for any frequency. The real part q (ω) yields the dispersion relations ω(q ), and the imaginary part q (ω) determines the effective propagation length l ≡ 1/(2q (ω)) -the parameter important for applications of propagating SPPs.
In addition to bulk dielectric functions T , T I , and B , the results of calculations depend on film thickness, the Fermi velocity, and the Fermi level. Below we present calculations for the representative values of these parameters. The Fermi velocity is set to v F = (5 ± 1) × 10 5 m/s [5, 24] . The thicknesses d = 15 nm, 30 nm, 60 nm, 120 nm and the Fermi energies 50 meV and 500 meV will be considered, corresponding to the Fermi wave-vectors [15] .
IV. RESULTS AND DISCUSSION

A. Bi2Se3
In Fig. 4 dispersion curves ω(q) are shown for various combinations of TI film thickness, d, and the Fermi level, E F , while Fig. 5 illustrates propagation lengths L for the same parameters. Black dots in Fig. 4 correspond to the experimental values taken from Ref. [15] . While there are visible changes in dispersion curves, the most notable feature is the drastic enhancement of the propagation length as either the film thickness or the Fermi level is decreased. We note that if the contribution of the Drude term in the model (3) is naively set to zero then similar degrees of sensitivity of dispersion relations ω(q) and the propagation lengths are exhibited: About fivefold increase of the propagation length happens when there are no free carriers in the bulk, while ω(q) does not show such a significant change. These results indicate that the propagation length of SPP in Bi 2 Se 3 is very sensitive to the concentration of both surface and bulk carriers. Since the Fermi level can be controlled by gating, this sensitivity suggests a way of tuning the propagation length by almost two orders of magnitude without significantly affecting the SPP dispersion relation.
We next perform calculations of the dispersion curves and propagation lengths for the experimental parameters given in Ref. [15] : v F = 6×10 5 m/s, k F = 1.37×10 9 m −1 , d = 60 and 120 nm. Relevant parameters for the DrudeLorentz model are given in Table II and agree well with the numbers given in Ref. [20] and reproduced in Table I . The high-frequency Lorentz oscillator with Ω gap ≈ 2030 cm −1 = 252 meV can not be neglected because its contribution to T I for the frequencies 30 cm
is significant ( ≈ 30) and does not vary appreciably. We thus take the values for the oscillators α and β from Ref. [15] (Table II) , while borrowing the value for Ω gap from Ref. [20] ( Table I ). The dispersion curves and propagation lengths are given in Fig. 6 . To achieve a reasonable fit to the experimental data for both films thicknesses the magnitude of the Drude term was reduced to 40% of its reported value. Since the contribution of this term is not precisely known (see the discussion above) this adjustment is justified. This calculation demonstrates that a reasonable agreement of the theory and experiment may be achieved without additional two-dimensional electron gas proposed in Ref. [16] . 
B. Bi2Te3 and Sb2Te3
Optical characterization of Bi 2 Te 3 has been performed in a number of works [20, 21, 25] , with substantial variations of the reported values for optical parameters. Such variations indicate that for realistic calculations the bulk dielectric function must be estimated from reflectance or ellipsometry measurements on a particular sample. In our calculations the hybrid Drude-Lorentz model was used, with parameters from both Richter [21] and Wolf [20] (see Tables III and IV, respectively) . This is done to capture contributions from in-plane IR-active vibrational modes present in Bi 2 Te 3 around 50 cm −1 and 90 cm −1 , as well as describe the plasma edge clearly observed near 500 cm −1 . The results of calculations are presented in Fig. 7 and omitted, suggesting that overall higher level of free electrons in the bulk of Bi 2 Te 3 strongly affects the propagation of the SPP in this material.
Similar to Bi 2 Te 3 the data on Sb 2 Te 3 [20, 21] was combined to make the hybrid Drude-Lorentz model with the parameters presented in Table V . The behavior of the dispersion curves and propagation lengths is expectedly similar to Bi 2 Te 3 , given the similarity between the optical parameters for these materials. We therefore do not include the results of calculations here. 
C. SPP in Superlattice
The study of SPPs in multi-layered graphene waveguides [26] shows that in the limit of long wavelengths (qd 1) the effective optical conductance increases linearly with the number of layers in the stack. Therefore it seems plausible to use superlattices made of alternating layers of thin films of TI and dielectric in order to tune the dispersion curve of a fundamental mode of SPP by growing the required number of layers. The growth of such superlattice using Bi 2 Se 3 films has been reported by Chen et al. [27] . Since the SPP frequency grows with conductance, increasing the number of unit cells in the superlattice allows to shift-up the SPP frequency for a given wave-vector q. The illustration of such a shift is given in Fig. 9 . The energy dispersion curves for SPP in layers of Bi 2 Se 3 /ZnSe (9 nm and 10 nm thick, respectively) were calculated using transfer matrix method. Optical conductance of TI surface was modeled using the Drude-like expression G(ω) = iσ 0 / 1 + (4 ωσ 0 /µ) 2 with σ 0 = 138G 0 , G 0 = 2e 2 /h, and µ = 0.500 eV. Bulk dielectric function of ZnSe in far-IR is taken from Ref. [28] . The results of calculations support the idea of changing the SPP dispersion relations by increasing number of "unit cells" in the superlattice. 
V. CONCLUSIONS
The results of this work can be summarized as follows:
i Dispersion relations and propagation lengths of SPPs in thin films of Bi 2 Se 3 , Bi 2 Te 3 , and Sb 2 Te 3 were determined using realistic material parameters in far-IR.
Bi 2 Se 3 is identified as the material of choice if larger propagations lengths are desired.
ii Key parameters influencing the propagation length are found to be 1) the Fermi level, E F , and 2) film thickness. Lowering E F by gating is a feasible way to control the propagation lengths of SPPs. Additional enhancement of propagation lengths can be achieved when working with thin films (d ≤ 20 nm). As an example, SPP in 15 nm thin film of Bi 2 Se 3 with E F = 50 meV will propagate about 100 times farther than in 120 nm film with E F = 500 meV.
iii The disagreement between the theory of SPP in TIs [16] 
